Let X be a uniformly convex Banach space which has Frechet differentiable norm, T : C → C an asymptotically pointwise nonexpensive mapping where C is bounded, closed and convex subset of X. In this paper, we prove that generalized Mann process converge weakly to fixed point of T .
INTRODUCTION
In 1994 K. K. Tan and H. K. Xu [6] proved that if X be a uniformly convex Banach space with the opial property or has Frechet differentiable norm, C be bounded, closed and convex subset of X, T : C → C an asymptotically nonexpensive mapping, then the modified Mann and Ishikaw processes converg to a fixed point of T .In 2008, kirk and Xu [3] studied existence of fixed points of asymptotic pointwise nonexpensive mapping that is extensive class of asymptotic nonexpensive mapping. In 2011 W. M. Kozlowoski [2] proved that if X be uniformly convex Banach space with opial property, T : C → C an asymptotic pointwise nonexpensive mapping where C is bounded, closed and convex subset of X then generalized Mann and Ishikawa processes coverg weakly to a fixed point of T .Some spsces such as L p (p = 2) spaces have not opiall property.(see [5] ) so W. M. Kozlowoski theorem( [2] ,theorem 4.1) in these spaces is not true. In this paper we prove that if X be uniformly convex Banach space has Frechet differentiable norm, T : C → C an asymptotic pointwise nonexpensive mapping where C is bounded, closed and convex subset of X then generalized Mann processes coverge weakly to a fixed point of T .
Preliminaries
Definition 2.1. Let C be a nonempty subset of a Banach space X. A mapping T : C → C is said to be asymptotically nonexpensive mapping if there exists a sequence {k n } of postive numbers with lim n→∞ k n = 1 such that:
Let C be a bounded, closed and convex subset Banach space X. A mapping T : C → C is said to be asymptotic nonexpensive if there exists a sequence of mappings α n : C → [0, ∞) such that:
Denoting a n (x) = max{α n (x), 1}, it is clear that lim n→∞ a n (x) = 1. So asymptotic pointwise nonexpensive mapps are extension of asymptotic nonexpensive mapps. define b n (x) = a n (x) − 1, it's clear that lim n→∞ b n = 0 Definition 2.3. A Banach space X is said to have the opial property if for each sequence {x n } ⊂ X weakly converg to point x 0 and for any x ∈ X auch that x 0 = x there holds: exists and is attained uniformly in y ∈ S(X) . Denote J : X → X * the normalized duality map such that:
We have:
Denote τ (C) the class of all asymptotic pointwise nonexpensive mappings T : C → C, and F (T ) the set of all fixed point of T . Denote τ r (C) the class of all
Definition 2.5. Let T ∈ τ (C) and let {n k } be an increasing sequence of natural numbers. let {t k } ⊂ (0, 1) be bounded away from 0 and 1.The generalized Mann iteration process generated by the mapping T , the sequence {t k }, and the sequence {n k } denoted by g M (T, {t k }, {n k }) is defined by the following iterative formula:
. We say that a generalized Mann iteration process
Definition 2.6. A Strictly increasing sequence {n
Lemma 2.7.
). Let C be bounded, closed and convex subset of uniformly convex Banach space X. let T ∈ τ r (C), let {t k } ⊂ (0, 1) be bounded away from 0 and 1.Let {n k } ⊂ N be such that The generalized Mann process
, such that I is identity map,{t k } bounded away from 0 and 1, and T is asymptotic pointwise nonexpensive map. We have:
The following lemma are generalization of lemma([2], K. K. TAN ,2.1, 2.2, 2.3) that proves for asymptotic pointwise nonexpensive mappings .
Proof. for all k, m ≥ 0 we have
, this proves the lemma.
Lemma 2.9. Suppose that X be uniformly convex and Σ
we see that: S n+m x n = x n+m .We have:
. By a result of Bruk [1] we have: H n a n = lim inf n→∞ a n this proves the lemma.
Lemma 2.10. Suppose that X is a uniformly convex Banach space with a Frechet differentiable norm and Σ
here, W w (x n ) is the W − limit set of {x n }.
it follows from lemma 2.9 1 2
so we have lim sup
The following lemma is generalization of( [7] , H. K. Xu, theorem 2)that proves for asymptotic pointwise nonexpensive mapping.
Lemma 2.11. Let C be a nonempty closed convex bounded subset of uniformly convex Banach space X. let T : C → C be an asymptotically pointwise nonexpensive mapping.then for each sequence {x n } in C where x n → x 0 and
Proof. Since X is uniformly convex by Burk [[1],theorm 2.1] there exists a strictly increasing,convex and continuous function g :
with n i=1 t i = 1, there holds the following inequality:
x, there exists for each integer n ≥ 1 a convex combination
For any an arbitrary but fixed j ≥ 1 , since T x n − x n → 0 there is an N = N(ε, j) so large that 1 N < ε and T j x n − x n < ε for n ≥ N. Applying inequality (2) to the nonexpansive mapping
definition of a j : ∀n ∈ N, j ∈ N, a j (y n ) = 0).We have:
taking the limit in (3) as n → ∞ we have:
. lim n→∞ a j (y n ) = 1 and (4), it follows that:
this shows that {T n (x)} is converges to x, and thus T x = x by the continuity of T ,proof is complete. Theorem 2.12. Let X uniformly convex Banach space where has a Frechet differentiable norm.let C be bounded, closed and convex subset of X.let T ∈ τ r (C), let {t k } ⊂ (0, 1) be bounded away from 0 and 1. Let {n k } ⊂ N be such that The generalized Mann process g M (T, {t k }, {n k }) is welldefind.in addition the set J = {j; n j+1 = 1 + n j } is quasi-periodic converges weakly to a fixed point of T .
Proof. Let{x n } generated by g M (T, {t k }, {n k }).by lemma 2.6 we have lim k→∞ T x k − x k = 0. consider y, z ∈ C two weak cluster points of sequence {x k }, then there exist two subsequences {y k } and {z k } of {x k } such that y k → y and z k z.by the lemma 2.11 we have:
T (y) = y, T (z) = z by the lemma 2.10 we have :
So {x k } has exactly one weak cluster point x ∈ C, that x k x. Applying lemma 2.11again, we get T (x) = x.
